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We propose an all-electrical experimental setup to detect and manipulate the amplitude of odd-
frequency pairing in a double quantum dot. Odd-frequency pair amplitude is induced from the
breakdown of orbital symmetry when Cooper pairs are injected in the double dot with electrons in
different dots. When the dot levels are aligned with the Fermi energy, i.e., on resonance, nonlocal
Andreev processes are directly connected to the presence of odd-frequency pairing. Therefore,
their amplitude can be manipulated by tuning the level positions. Detection of nonlocal Andreev
processes by conductance measurements contributes a direct proof of the existence of odd-frequency
pair amplitude and is available using current experimental techniques.
PACS numbers: 73.63.-b,74.45.+c,73.23.-b
Introduction.— The symmetry analysis of Cooper pairs
is a key element in the study of superconductivity. For
example, Cooper pairs at conventional BCS supercon-
ductors form a spin-singlet even-parity state, where the
electrons have opposite spins and are coupled in mo-
mentum space by the isotropic s-wave channel. A cur-
rent trend in the study of superconductivity is to engi-
neer unconventional superconductors by breaking down
symmetries of a BCS superconductor. Consequently,
a new type of pairing emerges which is odd in fre-
quency, i.e., odd under an exchange of the time coordi-
nates [1–4]. Plenty of theoretical studies suggest ubiq-
uitous presence of odd-frequency superconductivity at
inhomogeneous superconducting systems [5–15]. Unfor-
tunately, experimental evidence for odd-frequency pair
amplitude is very limited. Odd-frequency spin-triplet s-
wave superconductivity can explain the long-range prox-
imity effect [16, 17], the intrinsic paramagnetic Meissner
effect [18–21], and the subgap structure [22] observed
in ferromagnet-superconductor hybrids. However, odd-
frequency pairs are mixed with conventional ones and
their amplitude is not tunable but accidentally deter-
mined by the configuration of magnetic moments realized
at the junction. To unambiguously establish the presence
of odd-frequency pairing, new proposals that filter odd-
frequency pairs and allow to control their amplitude are
required.
In this Letter, based on recent experimental progress
on double quantum dot (DQD) Cooper pair splitter de-
vices [23, 24], we propose a setup that allows for the de-
tection and manipulation of odd-frequency pairing with-
out using any magnetic elements. Such pair splitters
consist of a DQD independently connected to two nor-
mal leads and one superconducting electrode as sketched
in Fig. 1(a). We show that the symmetry of the in-
duced pairing from the superconducting lead is broken
due to the DQD orbital degree of freedom, thus be-
coming a superposition of symmetric and antisymmet-
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FIG. 1. Proximity-induced superconductivity in a DQD
three-terminal device. (a) Schematics of a DQD with level po-
sitions L and R contacted by a superconducting lead S and
two normal leads L and R. (b) In a local Andreev process,
the electrons of a Cooper pair tunnel through one dot into
the normal lead. The amplitude for these processes, FLL,RR
(blue dashed lines), is enhanced for symmetric devices, i.e.,
those where each dot is similarly coupled to the leads. (c)
In a nonlocal Andreev process, each electron of the Cooper
pair tunnels to a different lead. The nonlocal amplitude, FLR
(red solid line), is enhanced in asymmetric devices. On res-
onance (L = R = 0), FLR is odd in frequency if S is a BCS
superconductor.
ric orbital states. For a spin-singlet superconductor, in-
duced Cooper pairs that are antisymmetric (symmetric)
in DQD space must be odd (even) in frequency accord-
ing to Fermi-Dirac statistics, since parity and spin rota-
tion symmetries are not broken. Cooper pairs transmit-
ted to the same lead are in an even-frequency state [see
Fig. 1(b)]. On the other hand, when the levels are on res-
onance, only odd-frequency pair amplitude is responsible
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2for the splitting of Cooper pairs into different leads [see
Fig. 1(c)]. Antisymmetric odd-frequency singlet pairing
is greatly enhanced if each dot is coupled differently to
the leads, resulting in a measurable contribution to the
conductance. Such a connection between symmetry and
microscopic transport processes is a unique feature of our
proposal. Additionally, the amplitude of odd-frequency
Cooper pairs can be controlled by tunning the DQD level
positions on- or off-resonance. Alternatively, using a
spin-triplet superconductor, the same geometry can be
used for the study of Majorana edge states [25]. In such
a case, odd-frequency triplet pairs are now transmitted
to the same electrode. Our proposal opens a novel direc-
tion in the study of exotic Cooper pairing owing to the
unique connection between symmetry of the Cooper pair
and tunneling processes and due to the tunability of the
pair amplitude.
Model.— DQD-based three terminal devices [26–29]
are an ideal platform for exploring the symmetry of in-
duced pairing. Recent experiments are very well mod-
eled by two-level systems and show an exquisite degree
of tunability [23, 24, 30–32]. Moreover, strong evidence
for splitting of Cooper pairs [33–36], which we shall link
to the presence of odd-frequency spin-singlet s-wave pair-
ing, has been presented. Here, we consider a system with
two quantum levels at positions L,R. In the limit of large
level separation at the quantum dots, it describes very
well a DQD close to the crossing point of the dot reso-
nances [37]. In the absence of external magnetic fields
and spin-orbit coupling terms, we describe the system
in the combined Nambu-dot space using spinor fields
Ψ = (dL↑, dR↑, d
†
L↓, d
†
R↓)
T , where dµσ (d
†
µσ) annihilates
(creates) an electron with spin σ =↑, ↓ at dot µ = L,R.
In the following, σˆν (τˆν), with ν = 0, 1, 2, 3, are Pauli
matrices in dot (Nambu) space, with identity matrix σˆ0
(τˆ0). The Hamiltonian of the isolated DQD is given by
Hˇd = (Lσˆ+ + Rσˆ−+ΓLRσˆ1)τˆ3, with σˆ± = (σˆ0 ± σˆ3)/2
and the inter-dot tunneling rate ΓLR > 0. Transport
properties are characterized by the Green’s function
gˇ(ω) =
[
ωσˆ0τˆ0 − Hˇd − ΣˇN (ω)− ΣˇS(ω)
]−1
, (1)
where ω denotes ω± i0+ or iωn for retarded/advanced
or Matsubara Green’s function, respectively, with ωn =
pi(2n+ 1)kBT for temperature T , Boltzmann constant
kB and integer n. Following the geometry described in
Fig. 1(a), we include the normal and superconducting
leads as self-energies,
ΣˇN (ω) = is(ω)(ΓLσˆ+ + ΓRσˆ−)τˆ0 , (2)
ΣˇS(ω) = i(ΓSLσˆ+ + ΓSRσˆ−)[g(ω)τˆ0 − f(ω)τˆ1] , (3)
with s(ω±i0+) =∓1, s(iωn) = sgn(ωn), and Γµ,ΓSµ> 0
the tunneling rates between dots and leads. We con-
sider the regime where Kondo and exchange interactions
between dots can be neglected. The effect of Coulomb
TABLE I. Symmetry classification of Cooper pairs according
to frequency/spin/momentum/dot. From left to right, pairs
can be even (E, +) or odd (O, −) under time-reversal (fre-
quency), spin (σ, σ′ =↑, ↓), momentum (k), and dot index (L,
R), with S for spin singlet (top rows) and T for triplet (bot-
tom rows). The last column shows the corresponding element
of the anomalous Green’s function: Fµµ, with µ = L,R, for
local elements and Fs,a for the nonlocal ones.
class ωn → −ωn σ ↔ σ′ k→ −k L↔ R element
ESEE + − + + Fµµ, Fs
OSEO − − + − Fa
ETEO + + + − Fa
OTEE − + + + Fµµ, Fs
repulsion on each dot is to renormalize the level posi-
tions µ and tunneling rares ΓSµ [37, 38]. We assume
that the superconducting region is well described by a
constant pair potential ∆ and neglect its spatial depen-
dence at the surface of the superconductor. The di-
mensionless Green’s functions at the edge of the super-
conducting lead, for a BCS superconductor, are f(ω) =
−(∆/ω)g(ω)=−∆/√ω2 −∆2.
Symmetry of induced pair amplitude.— The uncou-
pled superconducting lead in Eq. (3) represents an even-
frequency spin-singlet s-wave superconductor which sat-
isfies f(ωn)=f(−ωn), for Matsubara frequency. We ana-
lyze the symmetry of proximity induced pair amplitude in
the DQD system from the anomalous part of the Green’s
function of Eq. (1), Fµν =(gˇ)
eh
µν∼〈dµ↑dν↓〉, with indexes
in dot space µ, ν = L,R. Induced superconductivity in
the DQD system thus acquires an extra orbital quantum
number. Owing to this symmetry, the elements of Fµν
are divided into even- and odd-orbital terms. Defining
Fs,a = (FLR±FRL)/2, Fa is the only element with odd
parity in dot orbital degree of freedom. To be consistent
with Fermi-Dirac statistics, Fa must be odd in frequency.
Explicitly, we find [39]
Fs(ωn)= − i f(ωn)
D(ωn)
ΓLR (ΓSRL + ΓSLR) , (4)
Fa(ωn)= sgn(ωn)
f(ωn)
D(ωn)
ΓLR (ΓSRωL − ΓSLωR) , (5)
with ωµ= |ωn|−Γµ and D(ωn)=det[gˇ−1(ωn)]=D(−ωn).
If f(ωn) = f(−ωn) is satisfied, we find that Fs(ωn) =
Fs(−ωn) and Fa(ωn) =−Fa(−ωn). A complete descrip-
tion of the allowed symmetries in the DQD system is
given in Table I, for both spin-singlet and triplet super-
conductors.
It is possible to enhance odd-frequency over even-
frequency pairing on one of the dots, as it is sketched
in Fig. 1(c). To study this effect, we define the local
3ratios [40]
RL,R(ω) =
|Fa(ω)|√|FLL,RR(ω)|2 + |Fs(ω)|2 . (6)
From Eqs. 4 and 5, we see that nonlocal pair amplitudes
are proportional to the inter-dot coupling ΓLR, which is
an essential element of our model [41]. Moreover, Fs is
zero when the dot levels are on resonance (L = R = 0).
Therefore, dominant odd-frequency pairing on one of the
dots requires left-right asymmetry, which can be achieved
setting ΓL 6=ΓR or ΓSL 6=ΓSR. Odd-frequency pairing is
suppressed when the DQD levels are out of resonance
(L 6=0 and/or R 6=0).
Detection and manipulation of odd-frequency
pairing.— We consider two different transport measure-
ments. First, a voltage bias V is applied symmetrically
to both normal leads [Fig. 2(a)]. This configuration is
known as Cooper pair splitter setup and has been used in
recent experiments [24, 30, 34, 35]. At zero temperature,
conductance at lead L is given by
GL(V ) = 2G0
[
T qpL (eV ) + T
eh
LL(eV ) + T
eh
LR(eV )
]
, (7)
with G0 = 2e
2/h and quasiparticle tunneling transmis-
sion T qpL . T
eh
LL and T
eh
LR are the contributions from local
and nonlocal Andreev processes, respectively. For sub-
gap voltages (|eV |<∆), conductance is mainly given by
Andreev processes while the quasiparticle contribution is
almost negligible.
Alternatively, a current can flow through lead L if a
voltage is applied to lead R [Fig. 3(a)]. This is the ba-
sis for a nonlocal conductance measurement [23, 33, 42]
which, at zero temperature, is given by
GLR(V ) = G0
[
T ehLR(eV )− T eeLR(eV )
]
, (8)
where T eeLR represents an electron tunneling process. At
zero temperature, transmission probabilities for each pro-
cess are calculated from the retarded Green’s function as
Tαβµν (ω)=4ΓµΓν [|(gˇr)αβµν (ω+i0+)|2 + |(gˇr)αβµν (−ω+i0+)|2],
with α, β = e, h and µ, ν = L,R [39]. Specifically, the
transmission probability for Andreev processes reduces
to
T ehµν (ω) = 4ΓµΓν [|Fµν(ω)|2 + |Fµν(−ω)|2] . (9)
Consequently, we can connect each microscopic process
to a symmetry class. Indeed, local even-frequency pair
amplitudes Fµµ provide the probability amplitude for
transmission of the two electrons of a Cooper pair into
the same lead, i.e., a local Andreev process sketched
in Fig. 1(b). On the other hand, nonlocal components
FLR,RL account for the probability amplitude of a pro-
cess where the electrons of a Cooper pair split into differ-
ent leads: a nonlocal Andreev process [Fig. 1(c)]. If both
dot levels are aligned to the chemical potential, i.e., when
the DQD is on resonance with L=R = 0, nonlocal pair
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FIG. 2. Cooper pair splitter configuration. (a) A voltage
V is applied symmetrically to both normal electrodes which
allows us to measure the conductances GL(V ) and GR(V )
(left). Right: In an asymmetric DQD system, odd-frequency
nonlocal FLR (red line) can be enhanced on dot L and GL is
mainly due to nonlocal Andreev processes (red arrow). (b,c)
Map of the ratio RL (b) and conductance GL (c) as a function
of applied voltage and level position δ = L + 3R. RL > 1
inside the white dashed line. (d) Conductance (black solid
lines), nonlocal Andreev (red dashed lines), and local pro-
cesses (blue dot-dashed lines) for eV = 0 (left) and 0.75∆
(right). For all plots, T = 0, ΓL/∆ = 5, ΓR = ∆ = 1,
ΓSL/∆ = 0.1, ΓSR/∆ = 0.9, and ΓLR/∆ = 0.5.
amplitudes FLR,RL are odd in frequency. The presence
of odd-frequency pairing in the DQD and its connection
to a specific microscopic process that has been success-
fully observed in recent experiments is one of the main
conclusions of this work.
In an ideal setup, we can choose to uncouple one of
the dots from the superconductor setting ΓSL = 0. Lo-
cal transmission through that dot, FLL is suppressed
and Eq. (6) reduces to RL = 1/RR =
√
ω2+Γ2L/ΓLR.
As a result, for subgap energies |ω|<∆, odd-frequency
pairing becomes dominant at dot R (L) if ΓL < ΓLR
(ΓL > ΓLR) is satisfied. Consequently, in the Cooper
pair splitter configuration, the conductance at one of the
leads, Eq. (7), can be completely dominated by nonlocal
Andreev processes, which is a signature of the presence
of odd-frequency superconductivity [39]. Decoupling one
of the dots requires careful patterning of the DQD, sim-
ilarly to recent experiments in graphene [42]. In many
4other experiments, however, DQD are constructed by
electrical confinement from electrodes on quasi-one di-
mensional materials [23, 24], as sketched in Fig. 2(a).
It is thus challenging to decouple one of the dots from
the superconductor. Therefore, we consider ΓSL 6= 0 in
the following. We start with strong left-right asymmetry
by setting ΓL 6= ΓR and ΓSL 6= ΓSR at the same time.
To exclude double occupancy on the dots, we work in
the regime with ΓL,R > ΓSL,SR where a single-particle
description of transport at the DQD system is allowed
[26]. In Fig. 2(b) we show the ratio on dot L, RL, as
a function of ω and δ = L+αR, with α a constant.
In agreement with our previous analysis, odd-frequency
pairing is dominant on dot L for subgap energies as long
as the dot levels are close to the chemical potential, i.e.,
for |ω|, |δ|.∆. At zero temperature, the applied volt-
age corresponds to the frequency ω. The conductance at
lead L is enhanced for the same bias voltage regime, as
shown in Fig. 2(c). Detailed analysis shows that the con-
ductance is mainly given by nonlocal Andreev processes
which stem from induced odd-frequency pairing [red lines
in Fig. 2(d)].
A small degree of asymmetry is experimentally in-
evitable. However, by setting ΓSL ∼ ΓSR in the pre-
vious results, the contribution from local Andreev pro-
cesses is enhanced and becomes comparable to that of
nonlocal processes, making it more difficult to establish a
connection between conductance and odd-frequency pair-
ing. For weakly asymmetric setups, with ΓSL ∼ ΓSR,
it is better to perform a nonlocal conductance measure-
ment where odd-frequency induced nonlocal Andreev
processes only compete with electron tunneling processes
[see Fig. 3(a)]. In principle, the two contributions should
cancel each other [27, 43]. In a DQD three terminal de-
vice, however, the relative position of the dot levels be-
comes very important to favor Andreev processes, since
they mainly take place when the levels are aligned on
resonance. For this condition, the pair amplitude FLR
is odd in frequency. Therefore, a positive nonlocal con-
ductance proves the presence of odd-frequency pair am-
plitude [12]. Setting L = 0, we show in Fig. 3(b) a map
of GLR as a function of eV and R. Within the black
dashed line, conductance is positive, i.e., dominated by
nonlocal Andreev processes. As |eV |∼∆, however, elec-
tron tunneling processes become more important and the
conductance changes sign. The connection between posi-
tive Andreev-dominated conductance and odd-frequency
symmetry is explicitly shown in Fig. 3(c). When the
dot R is on resonance (red solid lines), the nonlocal con-
ductance is positive for subgap energies (bottom) while
odd-frequency pair amplitude is dominant on dot L (top).
If the dot R is taken out of resonance, the conductance
becomes negative and odd-frequency pair amplitude is
suppressed.
Spin-triplet superconducting lead.— When the cen-
tral superconducting lead is a one-dimensional spin-
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FIG. 3. Nonlocal conductance measurement. (a) A voltage
is applied to lead R allowing to measure the conductance GLR
on lead L (left). Right: On resonance, odd-frequency nonlocal
Cooper pairs provide a dominant contribution to GLR (red
arrow), while electron tunneling dominates out of resonance
(blue arrow). (b) Map of GLR as a function of the applied
voltage and the position of dot R, R, for L = 0. GLR > 0
inside the black dashed line. (c) Ratio on dot L (top) and
nonlocal conductance (bottom) for L = R (red solid line)
and L 6= R (blue dashed line). For all plots, ΓL/∆ = 5,
ΓR/∆ = 0.2, ΓSL = ΓSR = ΓLR = ∆ = 1, and T = 0.
triplet p-wave superconductor, like the case of a metallic
nanowire on Sr2RuO4 [44], induced pairing amplitude
at its edges is odd-frequency triplet s-wave represented
by f(ωn) = ∆/ωn, which displays Majorana edge states
[25, 45, 46]. On the DQD, FLL, FRR, and Fs are now
odd-frequency functions, while Fa is even-frequency pair-
ing (see Table I). Consequently, conductance measured in
the Cooper pair splitter configuration is a very useful tool
to study the symmetry of edge states at spin-triplet su-
perconductors. For the perfectly symmetric case, where
both ΓL = ΓR ≡ ΓN and ΓSL = ΓSR ≡ ΓS are satisfied,
the even-frequency term Fa vanishes and Cooper pairs
injected on the same lead maintain the odd-frequency
symmetry of the superconducting lead. Fa increases pro-
portionally to the difference between the tunneling rates
for left and right dots. For example, if the asymmetry
originates from the coupling to the normal leads (su-
perconducting lead), even-frequency component follows
Fa∝ΓS (ΓL−ΓR) [Fa∝(ΓSL−ΓSR) (|ωn|−ΓN )].
Conclusions.— We propose a way to generate odd-
frequency spin-singlet s-wave Cooper pairs on DQD-
based three terminal devices. Due to the orbital degree
of freedom in the DQD, symmetry of induced Cooper
pairs can be broken, featuring a superposition of even
and odd-frequency terms. Each symmetry type, how-
5ever, is responsible for a different transport process; a
feature unique of this setup. For spin-singlet supercon-
ductors, nonlocal Andreev processes on resonance are
uniquely caused by odd-frequency pairing. Therefore,
odd-frequency pairs can be detected from standard con-
ductance measurements in asymmetric devices where the
contribution of nonlocal Andreev processes is greatly en-
hanced. Additionally, it is possible to manipulate the
amplitude of odd-frequency Cooper pairs by tuning the
position of the dot levels. The situation is reversed if the
central electrode is a spin-triplet p-wave superconductor.
Odd-frequency triplet s-wave pairing is now associated to
local Andreev processes which are the dominant contri-
bution to the conductance if the dots are symmetrically
coupled to the leads.
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Appendix A. Transport observables
The Hamiltonian describing an isolated double-dot sys-
tem reads
Hdqd =
∑
µ,σ
˜µnµσ +
∑
µ
Uµnµ↑nµ↓
+
∑
σ
ΓLR(d
†
LσdRσ + d
†
RσdLσ) ,
with nµσ = d
†
µσdµσ for µ = L,R and σ =↑, ↓, where dµσ
(d†µσ) is the dot electron annihilation (creation) operator,
Uµ the charging energy, ˜µ the energy level, and ΓLR the
hybridization between dots. We model the leads as non-
interacting Fermi liquids with Hamiltonian
Hleads =
∑
µ,k,σ
ξµ,kc
†
µ,kσcµ,kσ
+δµ,S
1
2
∑
µ,k,σ,σ′
(
∆k,σσ′c
†
S,kσc
†
S,−kσ′ + h.c.
)
,
with cµ,kσ (c
†
µ,kσ) the annihilation (creation) operator for
electrons on lead µ = L,R, S with spin σ =↑, ↓, ∆k,σσ′
the pair potential and δµ,S = 1 for µ = S and zero other-
wise. For a conventional superconductor, pair potential
is isotropic in momentum space (we assume it constant)
while it depends on the momentum for triplet supercon-
ductor. In our effective model, quantum dots are consid-
ered almost point-like so electron fields are integrated out
Nonlocal conductance(b)Cooper pair splitter(a)
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FIG. 4. Conductance measurements in a DQD three-
terminal device. Schematics of DQD geometry where a quasi-
one dimensional system is contacted by two normal leads L,
R and a central superconducting lead S. Quantum dots are
formed by electric confinement between leads and can be in-
dependently controlled by side gates L,R. (a) Cooper pair
splitter configuration where the normal leads are equally bi-
ased. A current flows from S to the normal leads where we
can measure the conductances GL and GR. (b) Nonlocal con-
ductance measurements require that only lead R is biased. A
current can still flow to lead L, generating nonlocal conduc-
tance GLR.
and the magnitude of the pair potential for triplet super-
conductor can also be considered constant. We choose
∆sˆy for spin-singlet superconductors and ∆sˆx for spin-
triplet ones, with ∆ > 0 constant, and sˆx,y,z Pauli ma-
trices acting in spin space. Consequently, the system is
spin degenerate for both types of superconductors and
we work only in Nambu-dot space. Finally, the tunnel-
ing Hamiltonian between dots and leads reads as
Htunnel =
∑
µ,k,σ
(
tµd
†
µσcµ,kσ + tSµd
†
µσcS,kσ + h.c.
)
,
for µ = L,R and tµ,Sµ the tunneling amplitudes. We
define the tunneling rates as Γµ = pit
2
µρµ for the normal
leads and ΓSµ = pit
2
SµρS for the superconducting lead,
with ρµ and ρS the normal state density of states at the
Fermi level of normal and superconducting leads, respec-
tively.
In the following, we consider the regime where Kondo
correlations can be neglected and where both dots are
close to resonance. In this limit, within Hartree-Fock
approximation, Coulomb interactions on each dot give
rise to the self-energies ΣˆrUµ = Uµ(〈nµ〉τˆ3 + 〈d†µ↑d†µ↓〉τˆ1).
Using the equation of motion technique, the interacting
Green’s function reduces to the non-interacting one with
renormalized couplings ΓSµ=Γ˜Sµ−Uµ〈d†µ↑d†µ↓〉 and level
positions µ= ˜µ+Uµ〈nµ〉, where Γ˜Sµ and ˜µ are the bare
coupling and level energies [37, 38].
The steady state current between dot and lead µ =
L,R is defined as [47]
Iµ = i
e
~
∑
kσ
tµ
(
〈c†µ,kσdµσ〉 − 〈d†µσcµ,kσ〉
)
=
e
~
∫
dω
2pi
Tr
{
Vˇµ
[
Gˇ<dµ(ω)− Gˇ<µd(ω)
]
(σˆ0τˆ3)
}
,
with VˇL,R = tL,Rσˆ±τˆ3 and σˆ± = (σˆ0 ± σˆ3)/2. We
have used the Fourier transform of the Keldysh lesser
6Green’s functions Gˇ<µd(t − t′) = −i〈c†µ,kσ(t′)dµσ(t)〉 and
Gˇ<dµ(t − t′) = −i〈d†µσ(t′)cµ,kσ(t)〉. All matrices are de-
fined in the Nambu-dot space used in the main text. Fol-
lowing Refs. 48 and 49, the current expression can be
written in terms of the retarded Green’s function of the
DQD, gˇr, defined in the main text. For the sake of com-
pleteness, we explicitly write the Green’s function in dot
space, namely,
gˇr,a(ω) =
(
[ω−is(ω)ΓL−iΓSLg(ω)] τˆ0−Lτˆ3+iΓSLf(ω)τˆ1 −ΓLRτˆ3
−ΓLRτˆ3 [ω−is(ω)ΓR−iΓSRg(ω)] τˆ0−Rτˆ3+iΓSRf(ω)τˆ3
)−1
,
where ω stands for ω±i0+ and we have defined s(ω±i0+)=∓1. The Pauli matrices τˆ1,2,3 and identity matrix τˆ0 act
in Nambu space.
For subgap voltages (i.e. when |ω| < ∆), the current at
normal electrodes is given by
Iµ =
2e
h
∫
dω
[(
feµ − fhµ
)
T ehµµ
+
(
feµ − fhµ¯
)
T ehµµ¯ +
(
feµ − feµ¯
)
T eeµµ¯
]
,
where if µ = L,R then µ¯ = R,L and with fe,hµ =
1/(1 + exp [(ω ± eVµ)/(kBT )]). All the microscopic pro-
cesses that give a contribution to the subgap current are
summarized in this important result. Indeed, the current
measured at electrode L depends on the local Andreev
reflection that takes place at that lead, namely,
T ehLL(ω) = 8Γ
2
L|(gˇr)ehLL(ω)|2 ,
where we have used that (gˇ)ehµµ(ω) = (gˇ)
he
µµ(ω) and
(gˇ)αα¯µµ (ω) = (gˇ)
αα¯
µµ (−ω), with α¯ = h, e for α = e, h and
µ = L,R labeling Nambu and dot space, respectively.
Also included in the current are nonlocal Andreev pro-
cesses
T ehLR(ω) = 4ΓLΓR
[|(gˇr)ehLR(ω)|2 + |(gˇr)ehLR(−ω)|2] ,
and electron tunneling processes
T eeLR(ω) = 4ΓLΓR
[|(gˇr)eeLR(ω)|2 + |(gˇr)eeLR(−ω)|2] .
On the other hand, for |ω| > ∆, the quasiparticle con-
tribution to the current is
IL =
2e
h
∫
dω
[(
fS − feµ
)
T qp,eL −
(
fS − fhµ
)
T qp,hL
]
,
T qp,αL (ω) = 4ΓL Re
{[
ΓSLGˆ
†
LL(ω)gˆS(ω)GˆLL(ω)
+ΓSRGˆ
†
RL(ω)gˆS(ω)GˆLR(ω)
]
αα
}
,
gˆS(ω) = g(ω)τˆ0 − f(ω)τˆ1 ,
for α = e, h, fS = 1/(1 + exp [ω/(kBT )]), and with
Nambu matrices (Gˆµν)
αβ = (gˇr)αβµν .
In the Cooper pair splitter setup, we apply a voltage
difference between the superconductor and both normal
leads. Differential conductance is thus calculated simul-
taneously biasing the normal leads with VL = VR ≡ V .
At zero temperature, it reads
GL(V ) ≡ ∂IL
∂V
= 2G0
[
T qpL (eV ) + T
eh
LL(eV ) + T
eh
LR(eV )
]
,
withG0 = 2e
2/h and T qpL (eV ) = T
qp,e
L (eV )+T
qp,e
L (−eV ).
On the other hand, in a nonlocal conductance mea-
surement, the current flowing through lead L originates
from a voltage drop applied only to lead R. Therefore,
setting VL = 0, at zero temperature, we find
GLR(V ) ≡ ∂IL
∂VR
= G0
[
T ehLR(eV )− T eeLR(eV )
]
.
GLR is only given by electron tunneling and nonlocal
Andreev processes and is positive when the latter are
dominant.
Appendix B. Anomalous Green’s function
We define the anomalous Green’s function Fµν(ω) =
(gˇ)ehµν(ω). By choosing Matsubara frequencies, we can
analyze each component, namely,
7FLL(ωn) = i
[
2RΓSL + ΓSRΓ
2
LR + ΓSL
(
ω2R + Γ
2
SR − 2|g|ΓSRωR
)] f(ωn)
D(ωn)
, (10a)
FRR(ωn) = i
[
2LΓSR + ΓSLΓ
2
LR + ΓSR
(
ω2L + Γ
2
SL − 2|g|ΓSLωL
)] f(ωn)
D(ωn)
, (10b)
Fs(ωn) =
FLR + FRL
2
= −i f(ωn)
D(ωn)
ΓLR (LΓSR + RΓSL) , (10c)
Fa(ωn) =
FLR − FRL
2
= sgn(ωn)
f(ωn)
D(ωn)
ΓLR [(ΓSR − ΓSL) |ωn|+ ΓSRΓL − ΓSLΓR] , (10d)
where we have defined ωL,R ≡ |ωn| − ΓL,R and the de-
nominator is given by
D(ωn) = Γ
4
LR + 2Γ
2
LR
× [ωLωR + ΓSLΓSR − |g| (ΓSRωL + ΓSLωR)− LR]
+
(
ω2L + Γ
2
SL − 2|g|ΓSLωL
) (
ω2R + Γ
2
SR − 2|g|ΓSRωR
)
.
It is easy to check that the denominator fulfills D(ωn)=
D(−ωn). Therefore, the symmetry with respect to fre-
quency is given by the numerator. Local terms FLL(ωn)
and FRR(ωn) and the symmetric nonlocal term Fs(ωn),
which is zero if L = R = 0, maintain the symmetry of
the superconducting lead determined by f(ωn). On the
other hand, it is clear from Eq. (10)(d) that the sym-
metry of the anti-symmetric nonlocal pairing Fa(ωn) is
determined by sgn(ωn)f(ωn). It represents the presence
of induced odd-frequency spin-singlet s-wave pairing in
the DQD system if f(ωn) is an even function of ωn, as
it is the case of BCS spin-singlet s-wave superconduc-
tors. Alternatively, Fa(ωn) is an even-frequency function
if f(ωn) is odd, which is the symmetry of the edge states
of a spin-triplet p-wave superconductor. Fa(ωn) is finite
only in the presence of inter-dot coupling (ΓLR 6= 0). It
also vanishes if ΓL = ΓR and ΓSL = ΓSR are satisfied
simultaneously.
For retarded and advanced Green’s functions, ω→E±
i0+, and the symmetry analysis is not straightforward.
Due to the infinitesimal imaginary part, retarded and
advanced Green’s functions are complex functions with
real and imaginary parts that have different dependence
on the energy E. It is possible, however, to construct a
Green’s function that depends on real energy and has the
same symmetry as the Matsubara Green’s function [13].
Namely,
Fµν [E + i sgn(E)0
+] = (11)
Θ(−E)F aµν(E − i0+) + Θ(E)F rµν(E + i0+) ,
where E is a real variable which we associate with the
frequency ω. Fµν(E) is also a complex function and its
real and imaginary parts have the same symmetry with
E as Fµν(ωn) has with ωn.
Appendix C. Symmetry classification of pair
amplitude
Regarding its degrees of freedom, the pair amplitude
can be even (E) or odd (O) with respect to the fre-
quency, momentum, and dot orbital component (i.e., L
or R). It can also be a spin-singlet (S) or triplet (T)
component. Total symmetry is constrained to be an-
tisymmetric under the exchange of all degrees of free-
dom. Following Ref. 3, we adopt the convention fre-
quency/spin/momentum/orbital. In the effective model,
momentum has been integrated out and all allowed sym-
metries are even in this quantity. We list all possible
terms in Table I. For the superconducting leads, the dot
degree of freedom must also be even. We thus classify a
conventional BCS superconductor, which is even in fre-
quency and spin-singlet, as ESEE. On the other hand,
superconductivity at the edge of a one-dimensional quan-
tum wire on top of an unconventional triplet supercon-
ductor is odd in frequency [45]. It is thus classified as
OTEE. The pair amplitude induced in the double-dot
features two symmetries. The local and symmetric com-
ponents Fµµ,s maintain the symmetry of the supercon-
ducting lead and are thus either ESEE or OTEE, depend-
ing on the spin state of the Cooper pairs in the super-
conductor. The antisymmetric component Fa, however,
changes the orbital symmetry. Consequently, frequency
dependence is also changed to OSEO or ETEO.
Appendix D. Superconductor coupled to one dot
only
In this section we consider the ideal case where only
one of the dots is coupled to the superconducting lead.
In the following, we assume ΓSL = 0 as it is sketched in
Fig. 5(a). We only consider the case of an even-frequency
spin-singlet s-wave superconductor. By canceling the
coupling between central lead and dot L, the ratios be-
tween odd- and even-frequency components become very
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FIG. 5. Conductance in the Cooper pair splitter configura-
tion for the case with only one dot coupled to the supercon-
ductor. (a) Sketch of the setup where the superconducting
lead is only coupled to dot R (ΓSL = 0). (b) Ratio on dot
L is greater than 1 within the black dashed line. (c) Con-
ductance on dot L as a function of energy ω and dot levels
δ = 2L + R. (d,e) Conductance on lead L as a function of
ω (d) or δ (e) (black lines). Red lines correspond to nonlocal
Andreev processes and blue line to local processes. (f) Map
of conductance on lead R. (g,h) Conductance (black lines),
nonlocal Andreev processes (red dashed lines), and local pro-
cesses (blue dot-dashed lines) as a function of the ω (g) or δ
(h). For all plots, ΓL = 1.5∆, ΓR = 5∆, ΓSR = ΓLR = ∆ = 1.
simple, namely,
RL(ωn > 0) =
|ωn − ΓL|√
Γ2LR + 
2
L
,
RR(ωn > 0) =
ΓLR|ωn − ΓL|√
Γ2LR
2
L +
(
(ωn − ΓL)2 + 2L
)2 .
It is interesting to notice that the ratios do not depend
on the parameters from dot R, namely, ΓR, ΓSR, and R.
Additionally, when L = 0, we find that RL = 1/RR =
|ωn − ΓL|/ΓLR. Consequently, odd-frequency becomes
dominant on dot L and is suppressed on dot R if ΓL >
ΓLR. Such behavior is reversed in the opposite regime
with ΓL < ΓLR.
We show in Fig. 5(b) the ratio on dot L as a func-
tion of the energy and level position δ = 2L + R for
ΓLR = ∆ = 2ΓL/3. Odd-frequency pairing is dominant
for subgap energies in the region |δ| . ∆. We now study
the conductance in the Cooper pair splitter configuration.
We set ΓR = 5ΓSR, with ΓSR = ∆ to allow for a single-
particle description. The conductance at lead L and R
are shown in Fig. 5(c) and Fig. 5(f), respectively. Their
behavior for subgap energies looks very different, with
GL featuring a strong contribution at |δ| . ∆, while
GR displays maxima around |δ| ∼ ∆. We analyze the
contribution to the conductance from local and nonlocal
Andreev processes in Fig. 5(d,e) for GL and in Fig. 5(g,h)
for GR. It is clear that nonlocal processes are dominant
for GL (red dashed lines) while the local processes are
the main contribution to GR (blue dot-dashed lines).
As a result, in the extreme case where only one of the
dots is connected to the superconducting lead, induced
odd-frequency pairing can be maximized on the oppo-
site dot. Consequently, an enhanced conductance that is
mainly caused by nonlocal Andreev processes stemming
from odd-frequency pair amplitude can be measured on
that dot.
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